Abstract: This paper introduces the concept of an operation on τ g . Using this operation, we define the concept of g-γ-open sets, and study some of their related notions. Also, we introduce the concept of gγ-generalized closed sets and then investigate some of its properties. Furthermore, we introduce and investigate g-γ-T i spaces (i ∈ {0, 1 2 , 1, 2}) and g-(γ, β )-continuous functions by utilizing the operation γ on τ g . Finally, some basic properties of functions with g-β -closed graphs have been obtained.
Introduction
Generalized open sets play a very important role in general topology and they are now the research topics of many topologists worldwide. Indeed a significant theme in general topology and real analysis concerns the variously modified forms of continuity, separation axioms compactness, connectedness etc. by utilizing generalized open sets.
Generalized closed (g-closed) sets in a topological space were introduced by Levine [5] in order to extend many of the important properties of closed sets to a larger family. For instance, it was shown that compactness, normality, and completeness in a uniform space are inherited by g-closed subsets.
Kasahara [6] defined the concept of an operation on τ and introduced the concept of α-closed graphs of functions. After the work of Kasahara, Jankovic [4] defined the concept of operation-closures of α and investigated function with strongly closed graph. Ogata [8] defined and studied the concept of operation-open sets (γ-open sets), and used it to investigate operation-separation axioms and operation-functions.
In recent years, many concepts of operation γ in a topological space (X, τ) have been developed. An, Cuong and Maki [1] developed an operation γ on the collection of all preopen subsets of (X, τ) to introduce the notion of pre-γ-open sets. Krishnan, Ganster and Balachandran [7] defined and investigated the concept of the mapping γ on the collection of all semiopen subsets of (X, τ), and introduced the notion of semi γ-open sets and studied some of their properties. Tahiliani [9] developed an operation γ on the collection of all β -open subsets of (X, τ) to describe the notion of β -γ-open sets and Carpintero, Rajesh and Rosas [2] developed an operation γ on the collection of all b-open subsets of (X, τ) to define the notion of b-γ-open sets.
The aim of this paper is to introduce the concept of an operation γ on τ g and to define the notion of g-γ-open sets of (X, τ) by using the operation γ on τ g . Also, some notions of g-γ-open sets with their relationships are studied. In Section Definition 4. [8] A topological space (X, τ) with an operation γ on τ is said to be
1.γ-T 0 if for any two distinct points x, y in X, there exists an open set U such that x ∈ U and y /
∈ γ(U) or y ∈ U and x / ∈ γ(U).
2.γ-T 1 if for any two distinct points x, y in X, there exist two open sets U and V containing x and y respectively such that
y / ∈ γ(U) and x / ∈ γ(V ).
3.γ-T 2 if for any two distinct points x, y in X, there exist two open sets U and V containing x and y respectively such that
γ(U) ∩ γ(V ) = φ .
4.γ-T1
2 if every γ-g-closed set in X is γ-closed.
Theorem 1. [5] If a topological space (X, τ) is T1
2 , then τ g = τ.
3 g-γ-Open Sets Definition 5. An operation γ on τ g is a mapping γ : τ g → P(X) such that U ⊆ γ(U) for every U ∈ τ g , where P(X) is the power set of X and γ(U) is the value of γ at U.
From this definition, we can easy to find γ(X) = X for any operation γ : τ g → P(X). 
Example 1. The intersection of any two g-γ-open sets in (X, τ) is generally not a g-γ-open sets. To see this, let X = {a, b, c} and τ = P(X) = τ g . Let γ : τ g → P(X) be an operation on τ g defined as follows:
Thus, τ gγ = P(X)\{c}. Then {a, c} ∈ τ gγ and {b, c} ∈ τ gγ , but {a, c} ∩ {b, c} = {c} / ∈ τ gγ . Proof.1.⇒ (2) Let x ∈ X and U be a g-open set in X such that x ∈ U. It follows from assumption that U is a g-γ-open set. This implies that there exists a g-open set W such that x ∈ W and γ(W ) ⊆ U. Therefore, the space (X, τ) is g-γ-regular. 
Remark
Remark. By applying 1, it is easy to show that τ gγ forms a topology on X for any g-regular operation γ on τ g . 
Conversely, suppose that x / ∈ g γ Cl(A). So there exists a g-γ-closed set F such that A ⊆ F and x / ∈ F. Then X\F is a g-γ-open set such that x ∈ X\F and A ∩ (X\F) = φ . Contradiction of hypothesis. Therefore, x ∈ g γ Cl(A).
Lemma 2.
The following statements are true for any subsets A and B of a topological space (X, τ) with an operation γ on τ g .
1.g γ Cl(A) is g-γ-closed set in X and gCl
γ (A) is g-closed set in X. 2.A ⊆ gCl γ (A) ⊆ g γ Cl(A). 3.g γ Cl(φ ) = gCl γ (φ ) = φ and g γ Cl(X) = gCl γ (X) = X. (a)A
is g-γ-closed if and only if g γ Cl(A) = A and, (b)A is g-γ-closed if and only if gCl
Proof. Straightforward.
Theorem 5. For any subsets A, B of a topological space
Therefore, we have x / ∈ g γ Cl(A ∪ B) and hence
This implies that
. Using 2 (7), we have the equality.
Theorem 6. Let A be any subset of a topological space
Proof. First we need to show that
Moreover, using the above result and by 2 (8), we get gCl γ (gCl γ (A)) = gCl γ (A) and by 2 (4b), we obtain gCl γ (A) is g-γ-closed set in X.
Theorem 7.
Let A be any subset of a topological space (X, τ) and γ be an operation on τ g . Then the following statements are equivalent.
Proof. Clear.
Lemma 3. Let U ⊆ (X, τ) be a g-γ-open if and only if it is a g-γ-neighbourhood of each of its points.
Proof. Let U be any g-γ-open set in (X, τ). Then by 11, it is clear that U is a g-γ-neighbourhood of each of its points, since for every x ∈ U, x ∈ U ⊆ U and U ∈ τ gγ .
Conversely, suppose U is a g-γ-neighbourhood of each of its points. Then for each x ∈ U, there exists a
Definition 12. Let A be any subset of a topological space (X, τ) and γ be an operation on τ g .
The g-γ-interior of A is defined as the union of all g-γ-open sets of X contained in A and it is denoted by g γ Int(A). That is,
Some important properties of g-γ-interior operator will be given in 4.
Lemma 4. Let A and B be subset of a topological space (X, τ) and γ be an operation on τ g . Then the following conditions hold.
g γ Int(A) is g-γ-open set in X and g
γ Int(A) ⊆ A. 2. g γ Int(φ ) = φ and g γ Int(X) = X.
A is g-γ-open if and only if g
Theorem 8. If γ is a g-regular operation on τ g , then for any subsets A, B of a space X, we have
Proof. Follows directly from 5 (1) and using 4 (8). 
The proof of the following lemma is similar to 5 and using 4 (8). Proof. Suppose A is gγg-closed set in X and suppose (if possible) that there exists an element x ∈ gCl γ (A) such that
Then by hypothesis, A ∩ g γ Cl({x}) = φ . So there exists an element y ∈ A ∩ g γ Cl({x}). Thus y ∈ A ⊆ U and y ∈ g γ Cl({x}). By 4, {x} ∩U = φ . Hence x ∈ U and so gCl γ (A) ⊆ U. Therefore, A is gγg-closed set in (X, τ). 
Using the assumption of the converse of the 9, gCl γ (A) ⊆ U. Therefore, A is gγg-closed set in (X, τ). 
In other words, τ gγ -ker(A) is the intersection of all g-γ-open sets of (X, τ) containing A.
Theorem 13. Let A ⊆ (X, τ) and γ be an operation on τ g . Then A is gγg-closed if and only if gCl γ (A) ⊆ τ gγ -ker(A).
Proof. Suppose that A is gγg-closed. Then gCl γ (A) ⊆ U, whenever A ⊆ U and U is g-γ-open. Let x ∈ gCl γ (A). Then by 7, A ∩ g γ Cl({x}) = φ . So there exists a point z in X such that z ∈ A ∩ g γ Cl({x}) implies that z ∈ A ⊆ U and z ∈ g γ Cl({x}). By 4, {x} ∩U = φ . Hence we show that x ∈ τ gγ -ker(A). Therefore, gCl γ (A) ⊆ τ gγ -ker(A).
Conversely, let gCl γ (A) ⊆ τ gγ -ker(A). Let U be any g-γ-open set containing A. Let x be a point in X such that x ∈ gCl γ (A). Then x ∈ τ gγ -ker(A). Namely, we have x ∈ U, because A ⊆ U and U ∈ τ gγ }. That is gCl γ (A) ⊆ τ gγ -ker(A)⊆ U. Therefore, A is gγg-closed set in X.
g-γ-T i Spaces for
In this section, we introduce some types of g-γ-separation axioms called g-γ-T i for i ∈ {0, 1 2 , 1, 2}. Some basic properties of these spaces are investigated.
Definition 15. A topological space (X, τ) with an operation γ on τ g is said to be g-γ-T 0 if for any two distinct points x, y in X, there exists a g-open set U such that x ∈ U and y /
∈ γ(U) or y ∈ U and x / ∈ γ(U). Proof. Let X be a g-γ-T1 2 space and let {x} is not g-γ-closed set in (X, τ). By 2, X\{x} is gγg-closed. Since (X, τ) is g-γ-T1
Definition 16. A topological space (X, τ) with an operation γ on τ g is said to be g-γ-T 1 if for any two distinct points x, y in X, there exist two g-open sets U and V containing x and y respectively such that y / ∈ γ(U) and x / ∈ γ(V ).

Definition 17. A topological space (X, τ) with an operation γ on τ g is said to be g-γ-T 2 if for any two distinct points x, y in X, there exist two g-open sets U and V containing x and y respectively such that γ(U)
∩
, then X\{x} is g-γ-closed set which means that {x} is g-γ-open set in X.
Conversely, let F be any gγg-closed set in the space (X, τ). We have to show that F is g-γ-closed (that is gCl γ (F) = F (by 2 (4b))). It is sufficient to show that gCl γ (F) ⊆ F. Let x ∈ gCl γ (F). By hypothesis {x} is g-γ-closed or g-γ-open for each x ∈ X. So we have two cases.
Case 1. If {x} is g-γ-closed set. Suppose x /
∈ F, then x ∈ gCl γ (F)\F contains a non-empty g-γ-closed set {x}. A contradiction since F is gγg-closed set and according to the 9. Hence x ∈ F. This follows that gCl γ (F) ⊆ F and hence gCl γ (F) = F. This means from by 2 (4b) that F is g-γ-closed set in (X, τ). Thus (X, τ) is g-γ-T1 X\W is a g-γ-closed set in (X, τ) . Then we obtain that gCl γ ({y}) ⊆ X\W and therefore gCl γ ({x}) = gCl γ ({y}). Sufficient Part. Suppose for any x, y ∈ X with x = y, we have gCl γ ({x}) = gCl γ ({y}). Now, we assume that there exists z ∈ X such that z ∈ gCl γ ({x}), but z / ∈ gCl γ ({y}). If x ∈ gCl γ ({y}), then {x} ⊆ gCl γ ({y}), which implies that gCl γ ({x}) ⊆ gCl γ ({y}) (by 2 (5)). This implies that z ∈ gCl γ ({y}). This contradiction shows that x / ∈ gCl γ ({y}). This means that by 9, there exists a g-open set U such that x ∈ U and γ(U) ∩ {y} = φ . Thus, we have that x ∈ U and y / ∈ γ(U). It gives that the space (X, τ) is g-γ-T 0 .
Theorem 16. The space (X, τ) is g-γ-T 1 if and only if for every point x ∈ X, {x} is a g-γ-closed set.
Proof. Necessary Part. Let x be a point of a g-γ-T 1 space (X, τ). Then for any point y ∈ X such that x = y, there exists 
Theorem 17. For any topological space (X, τ) and any operation γ on τ g , the following properties hold.
Every g-γ-T 2 space is g-γ-T 1 . 2. Every g-γ-T 1 space is g-γ-T1
2 .
Every g-γ-T1
2 space is g-γ-T 0 .
Proof. The proofs are obvious by their definitions.
Remark. By 17, 3 and [8] , we obtain the following diagram of implications. Moreover, the following ?? below show that the reverse implications are not true in general.
Example 5. Let X = {a, b, c} and τ = {φ , X, {a}, {a, b}}. Then τ g = {φ , X, {a}, {b}, {a, b}}. Let γ : τ g → P(X) be an operation on τ g defined as follows. For every set A ∈ τ g
Since {b, c} is gγg-closed set in (X, τ), but {b, c} is not g-γ-closed set in (X, τ).
Example 6. Let X = {a, b, c} and τ = {φ , X, {a}, {b}, {a, b}, {a, c}}. Then τ g = τ. Let γ : τ g → P(X) be an operation on τ g defined as follows:
Example 7. Suppose X = {a, b, c} and τ be the discrete topology on X. Define an operation γ on τ g as follows. For every
Lemma 8. Let (X, τ) be a T1 
g-(γ, β )-Continuous Functions
Throughout Section 6 and Section 7, let (X, τ) and (Y, σ ) be two topological spaces and let γ : τ g → P(X) and β : σ g → P(Y ) be operations on τ g and σ g respectively. In this section, we introduce a new class of functions called g-(γ, β )-continuous. Some characterizations and properties of this function are investigated.
Proof.1. Let y ∈ f (gCl γ (A)) and V be any g-open set containing y. Then by hypothesis, there exists x ∈ X and g-open Proof. It follows from the proof of 18 that we know the following implications:
Thus, when the space (Y, σ ) is g-β -regular, we prove the implication:
Now, when β is a g-open operation, we show the implication: (2) ⇒ g-(γ, β )-continuity of f . Let x ∈ X and let V ∈ σ g such that f (x) ∈ V . Since β is a g-open operation, then there exists W ∈ σ gβ such that f (x) ∈ W and W ⊆ β (V ). By using (2) of 18, 
g-(γ, β )-closed if the image of each g-γ-closed set of X is g-β -closed in Y . 2. g-β -closed if the image of each g-closed set of X is g-β -closed in Y .
Theorem 20. Suppose that a function f : (X, τ) → (Y, σ ) is both g-(γ, β )-continuous and g-β -closed,then,
, then the inverse set f −1 (B) is gγg-closed in (X, τ), for every gβ g-closed set B of (Y, σ ).
\B. This implies from 9 that f (C) = φ , and hence C = φ . So
Proof. Let G be any gγg-closed set of (X, τ). Since f is g-(γ, β )-continuous and g-β -closed function. Then by 20 (1),
Proof. Let H be a gβ g-closed set of (Y, σ ). Since f is g-(γ, β )-continuous and g-β -closed function. Then by 20 (2),
Proof. Let x 1 and x 2 be any distinct points of a space (X, τ). Since f is an injective function and
Proof. The proof is similar to 23.
Proof. Let {y} be any singleton set of (Y, σ ). Then there exists an element x of X such that y = f ( 
is called the graph of f and is denoted by G( f ) [3] . In this section, we further investigate general operator approaches of closed graphs of functions. Let λ : σ ) is a g-β -T 2 space, then the set A = {(x, y) ∈ X × X : f (x) = f (y)} is a g-λ -closed set of (X × X, τ × τ).
Proof. We want to prove that gCl λ (A) ⊆ A. Let (x, y) ∈ (X × X)\A. Since (Y, σ ) is g-β -T 2 . Then there exist two g-open sets U and V in (Y, σ ) such that f (x) ∈ U, f (y) ∈ V and β (U) ∩ β (V ) = φ . Moreover, for U and V there exist g-open sets R and S in (X, τ) such that x ∈ R, y ∈ S and f (γ(R)) ⊆ β (U) and f (γ(S)) ⊆ β (V ) since f is g-(γ, β )-continuous. Therefore we have (x, y) ∈ γ(R) × γ(S) = λ (R × S) ∩ A = φ because R × S ∈ (τ × τ) g . This shows that (x, y) / ∈ gCl λ (A). Proof. Suppose that f −1 (S) is not g-γ-closed then there exist a point x such that x ∈ gCl γ ( f −1 (S)) and x ∈ f −1 (S).
Since (x, s) ∈ G( f ) and each s ∈ S and gCl λ (G( f )) ⊆ G( f ), there exists a g-open set W of (X × Y, τ × σ ) such that (x, s) ∈ W and β (W ) ∩ G( f ) = φ . By g-regularity of λ , for each s ∈ S we can take two g-open sets U(s) and V (s) in (Y, σ ) such that x ∈ U(s), s ∈ V (s) and γ(U(s)) × β (V (s)) ⊆ λ (W ). Then we have f (γ(U(s))) ∩ β (V (s)) = φ . Since {V (s) : s ∈ S} is g-open cover of S, then by g-γ-compactness there exists a finite number s 1 , s 2 , ..., s n ∈ S such that S ⊆ β (V (s 1 )) ∪ β (V (s 2 )) ∪ ... ∪ β (V (s n )). By the g-regularity of γ, there exist a g-open set U such that x ∈ U, γ(U) ⊆ γ(U(s 1 )) ∩ γ(U(s 2 )) ∩ ... ∩ γ(U(s n )). Therefore, we have γ(U) ∩ f −1 (S) ⊆ U(s i ) ∩ f −1 (β (V (s i ))) = φ . This shows that
x ∈ gCl γ ( f −1 (S)). This is a contradiction. Therefore, f −1 (S) is g-γ-closed.
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